Abstract-In the islanded mode operation of a microgrid, a part of the distributed network becomes electrically separated from the main grid, while loads are supported by local sources. Such distributed energy sources (DERs) are typically power electronic based, making the full system complex to study. A method for analyzing such a complicated system is discussed in this paper. A microgrid system with two inverters working as DERs is proposed. The controllers for the inverters are designed in the dq reference frame. Nonlinear equations are derived to reflect the system dynamics. These equations are linearized around steady-state operating points to develop a state-space model of the microgrid. An averaged model is used in the derivation of the mathematical model that results in a simplified system of equations. An eigenvalue analysis is completed using the linearized model to determine the small-signal stability of the system. A simulation of the proposed microgrid system consisting of two inverter based DERs, passive loads, and a distribution line is performed. An experimental testbed is designed to investigate the system's dynamics during load perturbation. Results obtained from the simulation and hardware experiment are compared with those predicted by the mathematical model to verify its accuracy.
I. INTRODUCTION

S
IGNIFICANT efforts are underway to modernize the nation's electric delivery network. To accelerate progress, the Office of Electricity Delivery and Energy Reliability (OE) of the U.S. Department of Energy (DOE), has established the Smart Grid Research and Development program to provide research and financial assistance to certain projects related to distributed energy sources (DERs). The OE is currently supporting nine projects with a total value exceeding U.S.$100 million. The goal of this program is to reduce the peak demand at the distribution feeder level by 15% using DERs and microgrids [1] . Most DERs use power electronics to process and interface energy to the grid. Furthermore, there is a constant growth in the demand of power electronic components in the current power system [2] . Uses of these components are important considering the evolution of smart grid and ac-dc microgrids and their interconnections. Advantages of DER based distribution systems were mentioned in [3] . Lasseter [4] proposed the concept of microgrid, where he defined a microgrid as a cluster of loads and microsources operated as a single controllable system. He presented a method of sharing power during microgrid islanding operation as well. Some of the technical challenges associated with the microgrid were discussed in [5] . Microgrid control strategies with single-master and multimaster operation were explained in [6] . A more detailed control algorithm was presented for grid-connected and islanded operation in [7] . The algorithms were implemented in a testbed and results were verified for different control architectures. Apart from these control strategies, different types of droop controllers have been used for power sharing during islanded operation of parallel inverters [8] - [11] . A control strategy for different distribution line impedances was discussed in [12] , and small-signal models were developed. Experimental results for different controller modes of operation were presented as well. An improved control method for an isolated single-phase inverter was shown in [13] . Active and reactive power sharing methods were explained with simulation results by [14] and [15] .
Small-signal modeling and steady-state analysis of an autonomous microgrid was investigated in [9] . A mathematical model for the microgrid was developed. Small-signal results were verified with a time domain simulation. However, the dynamics of the phase-locked loop (PLL) were not discussed. A more detailed small-signal modeling was done by [16] , in which the autonomous system was built with both conventional and electronically interfaced DERs to study the system's stability and dynamic behavior. Filter dynamics were ignored, though, which are an essential part of electronically interfaced DER systems. Although the filter components were included in [17] for modeling an inverter, line parameters, an important aspect of the network, were ignored for parallel inverter operation. A model including distribution line and filter dynamics was prepared in [18] , but only for a single inductor based filter, which does not always guarantee stability. A method for modeling a microgrid with all network components was presented in [19] , but the procedure for obtaining the smallsignal model was rather complex. In addition, the damping resistors of the inductor-capacitor-inductor (LCL) filters that play an important role in ensuring stability of the system were ignored. In addition, the model was designed such that a load current transient was used as a perturbation input, while in practice a change in impedance was observed during the transient analysis. This improper perturbation technique resulted in a significant reactive power mismatch between the experimental results and the results obtained from the model. Another small-signal model was derived in [20] . Again, the model did not include the passive damping properties of the filter. Results from this model were not validated against those from a hardware experiment. The models from the last two papers did not include the dynamics of the PLL to verify system frequency during load perturbation. A small-signal model was developed in [21] that included the PLL dynamics and a damping resistor in the filter. Once again, the model was not validated against the experimental results. In addition, the input matrix was defined in such a way that it did not reflect the load perturbation in the system.
As a solution to the issues associated with these prior models, a more accurate small-signal model is presented in this paper. The development and verification of this model is as follows. First, the proposed control structure is described using a block diagram. A set of nonlinear equations is then derived from the controller blocks and the plant. These equations are linearized around stable operating points. To simulate the effect of the load perturbation, a switched system arrangement is implemented. Finally, the transient response predicted by the mathematical model is verified against both the simulation and experimental results. The proposed model is intended to serve as a building block for control of more complex systems of modern distributed generation sources.
II. OVERVIEW OF THE SYSTEM
The islanded microgrid under consideration is presented in Fig. 1 . Each inverter is connected to a respective bus through a filter. Variable passive loads connected to these buses are considered as local loads. Depending on the status of the system, either grid-connected or islanded, the switch at the point of common coupling (PCC) may connect the system to the main grid. A distribution line with impedance Z L is used to couple the inverter buses. While the proposed system can operate in either grid-connected mode or as an autonomous system, only the autonomous operation will be considered in this paper.
In autonomous operation, the inverter is controlled using the droop control method. An individual inverter control strategy is shown in Fig. 2 . The output of the inverter is passed through an LCL filter to reject the high-frequency switching noise. The filtered voltage and current measurements are then converted to dq-axis components using a reference frame transformation. The inverter's output power is calculated based on these measurements. The calculated power is passed through a lowpass filter and sent to the droop controllers. Droop controllers set voltage and frequency references based on the current level of active and reactive power being generated. These voltage and frequency references are then compared with the measured voltage and frequency. The error signal obtained by comparing the reference values and measured values are passed through proportional-integral (PI) controllers to generate references for the current flowing through the output filter inductor. These reference current signals are then compared with the corresponding measured filter inductor currents, and are passed through another set of PI controllers to produce voltage commands. These voltage values appear across the input of the LCL filter. The coupling inductor of the filter is used to connect the inverter to the bus. A resistor in series with the filter capacitor ensures the proper damping of the resonant frequency associated with the output filter.
As mentioned before, a frequency measurement is needed for voltage controllers to operate. The frequency of the system is measured by forcing the d-axis component of the voltage to zero in a dq-based PLL. This PLL not only measures the frequency of the system but also calculates the phase angle of the voltage. This angle is used to make all the conversions between stationary and synchronous reference frames. All controllers and filters are modeled in the individual reference frame local to each inverter as determined by the phase angle from the PLL. The inverters' dynamics are influenced by the output filter, coupling inductor, average power calculation, PLL, droop controllers, and current controllers. The overall system dynamics include those of each individual inverter, load, and the distribution line between them.
III. SYSTEM MODELING IN STATE-SPACE FORM
A. Nonlinear Equations of the Inverter Model
In this section, the controllers shown as blocks in Fig. 2 are analyzed and expressed in terms of mathematical equations. These equations are nonlinear and need to be linearized around an operating point to study the system dynamics.
1) Average Power Calculation:
The dq-axis output voltage and current measurements are used to calculate the instantaneous active power ( p) and reactive power (q) generated by the inverter
Instantaneous powers are then passed through low-pass filters with the corner frequency ω c to obtain the filtered output power
2) Droop Equations: In grid-connected mode, the inverter's output voltage is set by the grid voltage magnitude. The PLL ensures proper tracking of grid phase so that inverter output remains synchronized to the grid. During islanded operation, the inverter does not have these externally generated reference signals. As a result, the inverter must generate its own frequency and voltage magnitude references using the droop equations. The references are generated using conventional P − ω and Q − V droop equations. Fig. 3 shows the characteristics of these droop curves
3) Phase-Locked Loop: A PLL is required to measure the actual frequency of the system. A dq-based PLL was chosen [22] - [24] . The PLL input is the d-axis component of the voltage measured across the filter capacitor. Therefore, the phase is locked such that v od = 0 (Fig. 4) . Some researchers instead set the PLL to lock such that v oq = 0, which would essentially swap d-axis and q-axis quantities throughout the remainder of this paper. There are three states associated with this PLL architecturė
4) Voltage Controllers:
The reference frequency and voltage magnitude generated by the droop equations are used as set point values for the voltage controllers. Standard PI controllers are used for this purpose, as shown in Fig. 5 . The process variables are the angular frequency ω from the PLL and the measured q-axis voltage (v oq ) 
5) Current Controllers:
Another set of PI controllers are used for the current controllers, as shown in Fig. 6 . These controllers take the difference between the commanded filter inductor currents (i ldq * ), the measured filter inductor currents (i ldq ), and produce commanded voltage values (v idq * ). The values of correspond to the inverter output voltages before the LCL filter. Cross-coupling component terms are eliminated in these controllers as well
B. LCL Filter
The filter used for a DER is shown in Fig. 7 . Without any major inaccuracies, we can assume that the commanded voltage (v * idq ) appears at the input of the filter inductor, i.e., v * idq = v idq . This approach neglects only the losses in the IGBT and diodes. The resistors r c and r f are the parasitic resistances of the inductors. A damping resistor R d is connected in series with the filter capacitor. The capacitor's equivalent series resistance is not considered, as it can be lumped into R d . The state equations governing the filter dynamics are presenteḋ 
C. Equations for the Load
The loads for this system are chosen as combination of resistors and inductors (RL loads). A typical RL load connected to an inverter bus is shown in Fig. 8 . Line 'a' connected to the bus represents the base load and line 'b' works as a variable load for that bus. To check the system's dynamic behavior, a load perturbation is done on 'b'. Line 'b' appears in parallel to 'a' when the breaker closes the contact. State equations describing the load dynamics arė
D. Equations for the Distribution Line
Similar to loads, the distribution line parameters consist of resistance and inductance. In Fig. 9 , resistor r line represents the copper loss component of the line. Inductor L line is considered as the lumped inductance resulting from long line cables. Assuming that the line is connected between ith and jth bus of the system, the line dynamics are represented as follows:
The frequency is constant throughout the system, so the equations for the load and line dynamics can use the term derived from the ω PLL of the first inverter. The variable subscript with upper case DQ denotes measurements from the global reference frame. Since the system does not have a fixed grid connected to it, the first inverter's phase angle can be arbitrarily set as the reference for the entire system. This results in a change in the reference angle calculation when small-signal model's matrices are derived. The new phase angle derivations for DER 1 and DER 2 are given in Fig. 10 . Virtual resistor at a DER bus. (25) and (26), where ω PLL,1 and ω PLL,2 come from DER 1 and DER 2 , respectivelẏ
E. Linearized Model of the System
Each inverter system contains 15 states, and each load and line model contain two states. A total of 36 states are contained in the full two inverter islanded microgrid system. The states are
The states of the system under consideration are then
These nonlinear equations are linearized around stable operating points and a state-space equation of the form (32) is generated using MATLABs symbolic math toolboẋ
where the inputs are defined as
F. Virtual Resistor Method
When bus voltages were used as an input to the system, as in previous microgrid models, effects of load perturbation could not be accurately predicted. In practice, the only perturbation that occurs in the system comes from the step change in load. A method is needed to include the terms relating to the bus voltages in the system A matrix. This effectively translates the inputs defined in (33) to states. To do this, a virtual resistor with high resistance can be assumed connected at the inverter bus. This resistor (r n ), shown in Fig. 10 , has a negligible impact on system dynamics. Using Kirchhoff's voltage law (KVL), the equations describing the bus voltage in terms of the inverter, load currents and line currents can be expressed. This is shown in
G. Reference Frame Transformation
As previously discussed, inverter bus 1 serves as the system's reference and consequently is labeled as the global reference frame. Each inverter operates in its own local reference frame. The individual inverter state equations are derived in terms of their individual local reference frame. A transformation is necessary to translate between values defined in the local reference frame to the global reference frame. An application of this transformation is shown graphically in Fig. 11 . Again, the difference in subscript capitalization denotes whether the quantity is defined in the local or global reference frame
where θ is the difference between the global reference phase and the local reference phase, as shown in Fig. 12 . This transformation [25] is used to refer the virtual resistor equations that are defined in the global reference frame to the local reference frame. Equations (36) and (37) and the reference frame transformations can then be linearized and included in the symbolic A matrix. A new state matrix, A sys , then describes the system in state space form. The states of this new system are the same as those given in (31) 
IV. EVALUATION OF THE MATHEMATICAL MODEL
The autonomous system described by the matrix A sys needs to be linearized around stable operating points. There are two ways of finding these operating points. One method is to set the nonlinear state equations to zero asẋ = 0. Another approach is to simulate the averaged model in PLECS 1 to determine numerical solutions to the nonlinear system equations. Because both methods yielded same results, the simulation based method was used for convenience.
As mentioned previously, loads are connected to inverter buses, as shown in Fig. 8 . Initially, load 'a' at bus 1 and bus 2 is switched ON. A set of operating points is determined for this loading condition. These operating points are given in (39). A new set of operating points is determined after applying 'b' parallel to the initial load at bus 1 to simulate a load perturbation. R load1 , L load1 and R load2 , L load2 are the initial loads at bus 1 and bus 2, respectively. R pert1 and L pert1 are the new loads added to bus 1. New operating points for the equivalent load impedance seen at bus 1 are obtained. These operating points are given in (40). The dynamic response when changing between these two operating points yields the mathematical model's prediction for a load step change transient [26] . The controller gains and system parameters are listed in Tables I and II . Fig. 13 shows the small-signal model evaluation arrangement in Simulink. Matrices A1 and A2 are obtained through linearization around stable operating points given in (39) and (40). Operating points are arranged in the order 1 PLECS® is a registered trademark of Plexim GmbH. given in (31) Tables I and II. V. EXPERIMENT SETUP To validate the results of the mathematical model, the dynamic response is compared against those of a simulation and experiment in hardware. An averaged model of the proposed system is simulated in PLECS. This average model is perturbed through a load change in bus 1 as discussed in the previous sections. In hardware implementation, a Texas Instruments TMS320F28335 digital signal processor (DSP) was used to apply the control system to a (10 kW) inverter designed around an Infineon BSM30GP60 IGBT module. A dc source was connected directly to the dc link and the three phase outputs were connected to the loads. Space vector modulation was used as the switching scheme at a frequency of (10 kHz). The experimental results collected correspond to the actual values in the DSP, which were logged in real time. This was accomplished through transmission of the required values over serial connections to a host computer, as the internal storage capacity of the DSP was not sufficient to save the large volumes of data generated by the logs. In the same way as in the simulation, the system was perturbed by manually switching between load configurations and logging the dynamic response. A diagram of the experimental setup was provided in Fig. 1 . Because we are considering the islanded case, the switch shown as the PCC to the main grid in Fig. 1 was open for the entire experiment. Fig. 14 shows a partial photograph of the experimental setup, including sensors and circuit board, output filter, and load configuration. Although the derivation above only considered one DER, both of the DERs connected to the islanded microgrid had similar configuration. Each inverter had an individual DSP used for the controller implementation.
LCL filters with damping resistors are used at the insulatedgate bipolar transistor output terminals. The impact of using an LCL filter in this kind of system is discussed in [27] . The filter was designed such that the resonant frequency was greater than 10 times the line frequency and less than half the switching frequency [28] . The resonant frequency of this wye-connected LCL filter, ignoring parasitic resistances, was found to be (1.94 kHz) using (41). The ratio of L f to L c was adequate for improving the total harmonic distortion and providing better bus voltage regulation
Passive damping using a damping resistor (R d ) in series with the filter capacitor was used to suppress the resonance frequency of the LCL filter. The value of R d was found using [29] 
A resistor of this value was unavailable during the time the test bed was built. As a result, R d with slightly higher value was used, as listed in Table II . Although the results were obtained with a grid voltage of 60 V LN , the small-signal models are equally applicable to 120 V LN voltage levels commonly used at the distribution side of a power system. The controller was designed such that v od is maintained at zero. This is shown in the d-axis voltage plot. From (1) and (2) it is clear that the dynamics of active and reactive power, P and Q, are dependent on the dynamics of i oq and i od , respectively, provided that v oq remains constant. This is shown graphically in Fig. 16 as well. In all of the graphs, the transient response decays in 1 s that is acceptable for a power system application. For all signals considered, the prediction of the mathematical model very closely resembles that found in the simulation and the hardware experiment, both in terms of transient and steady-state response. In contrast to [19] , the proposed small-signal model reaches a proper steady-state value after a load perturbation in the system. The frequency of the system shows the actual variation during transient response, as opposed to the reference values generated by the P − ω droop controller. High-frequency switching ripple cannot be completely avoided, and is visible in the experimental results for v od , i od , i ld , i lq , and ω pll . In addition, overshoots and undershoots of slightly larger magnitude were present in the voltage graphs compared with that of the experimental results. Unmodeled breaker resistance in the mathematical model is the reason behind these behaviors. In practice, the values of the load resistors might vary slightly from the actual values that could have some impact on the system damping. The eigenvalues for A1 are determined and listed in Table III . The first four eigenvalues' real parts are much more negative (on the order of 10 8 ) compared to the rest of the eigenvalues. These eigenvalues primarily correspond to the virtual resistor, r n . They are not considered when eigenvalues are plotted in Fig. 17 . The negative real part of the eigenvalues obtained from A1 and A2 signifies the linearized system's local stability. According to Lyapunov's second method for stability analysis, the system is asymptotically stable in the small-signal sense. Although the subsystems are exponentially stable, the stability of the overall system cannot be guaranteed [30] , [31] . This is because the switched systems may have divergent trajectories for certain switch signals. However, these models may be used for a future study of the switched system. An eigenvalue analysis investigates the dynamic behavior of a power system under different characteristic frequencies or modes. In a power system it is required that all modes are properly damped to nullify the effect of oscillation due to perturbation in states. A well-damped system provides good stability. Eigenvalues presented in Table III shows that there are 15 distinct oscillatory modes in the system. A participation factor analysis was done to identify the states which are major participants in those modes. Participation factors can be positive, zero, or negative. A positive participation factor associated with a particular state means that state is contributing to the oscillation of the system. A negative participation factor indicates a state that is dampening the system oscillation.
The participation factor analysis shows that mode 1 and mode 2 are properly damped in the system. However, modes 3, 4, 5, and 6 are lightly damped. The states in these modes are more likely to make the system unstable during disturbances. Modes 10, 11, 12, and 13 are low-frequency oscillatory and are largely influenced by the states related to the voltage and current controllers. Among them, mode 12 is not well damped. This mode can be designated as the problem mode for this system. Mode 14 is heavily participated in by the phase angle of the second inverter. This is another lowfrequency oscillatory mode. This mode is also influenced by the dynamics of the PLL that help dampen the oscillation generated by the phase angle. The states relating to the inverter output powers participate in mode 15. The natural frequency of oscillation of this mode is 8 Hz or 50.26 rad/s. This also happens to be the cutoff frequency of the low-pass filter used during controller design.
From this analysis, modes 3, 4, 5, and 6 are at higher oscillatory frequencies and they have lower damping ratios. The dq-axis output voltages participate heavily in those modes. Equations (19) and (20) show that the v odq dynamics are governed by the damping resistor, R d , along with some other state variables. As a result, any change in R d will result a change in the output voltage dynamics as well. The initial value of the damping resistor was chosen based on its ability to suppress the resonant frequency of the filter. A higher damping resistor may be selected, but will contribute additional loss to the system. The advantage of using a higher damping resistance is explained using Table IV, which shows the system eigenvalues when a damping resistor of R d = 10 is used. Another method to increase damping in the system is to include active damping techniques in controller design. This method does not contribute loss to the system. Such controllers are beyond the scope of this paper but discussed more elaborately in [32] . Table IV shows that the higher damping resistance R d increases the damping ratio of modes 3, 4, 5, and 6. This improves the stability margin for the system. The lowfrequency oscillatory modes are now the dominant dynamics of the system. A good controller design for this system would achieve higher damping ratios for these modes such that they decay as quickly as possible after a disturbance. This analysis is important to identify the states related to the low-frequency oscillatory modes with lower damping ratios. During model reduction procedures these modes must be retained.
A sparsity pattern of A1 is shown in Fig. 18 . The pattern shows that there are six regions in the matrix where the nonzero elements are distributed. Regions 1 and 3 are formed by DER 1 and regions and 2, 4, and 5 are formed by DER 2 . Regions 3 and 4 are generated by the inclusion of the virtual resistor, r n , in the respective inverter buses. These regions also include r n 's interaction with the damping resistors and the coupling inductors. Region 5 is formed based on (26) , where the first inverter's phase angle was set as the reference angle for the second inverter. Region 6 is formed by the loads and the distribution line. If another inverter is added to this system then the new sparsity matrix will have additional patterns identical to those in regions 2, 4, and 5. These regions will be located on the diagonal of the matrix following the second inverter's sparsity pattern. VII. CONCLUSION This paper presents an accurate small-signal model of a multiple inverter microgrid system operating in islanded mode. The model is based on the nonlinear equations that describe system dynamics. These nonlinear equations are then linearized around stable operating points to develop the small-signal model. Load perturbation is done to study the system dynamics. The accuracy of the model is assessed through comparison with simulation and experimental results. An eigenvalue analysis is done using the small-signal model to determine the stability of the system. Low-and highfrequency oscillatory modes are identified from the eigenvalue analysis. A participation factor analysis is included to identify the states contributing to the different oscillatory modes. It is found that some of these oscillatory modes can be controlled using proper damping resistors. A sparsity pattern of the system is investigated. The most important contribution of this paper is the proposed model of an islanded microgrid and its ability to accurately predict the dynamic response of the system. It is possible that similar power system networks could be accurately developed as switched autonomous systems. Future work for this project will include determination and application of a proper model reduction technique to reduce the fast decaying states. In addition, system modeling with capacitive and nonlinear load are considered as separate research objectives.
